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CHERN CLASS INEQUALITIES ON POLARIZED MANIFOLDS AND
NEF VECTOR BUNDLES
PING LI AND FANGYANG ZHENG
Abstract. This article is concerned with Chern class and Chern number inequalities on
polarized manifolds and nef vector bundles. For a polarized pair (M,L) with L very ample,
our first main result is a family of sharp Chern class inequalities. Among them the first one
is a variant of a classical result and the equality case of the second one is a characterization of
hypersurfaces. The second main result is a Chern number inequality on it, which includes a
reverse Miyaoka-Yau type inequality. The third main result is that the Chern numbers of a nef
vector bundle over a compact Ka¨hler manifold are bounded below by the Euler number. As
an application, we classify compact Ka¨hler manifolds with nonnegative bisectional curvature
whose Chern numbers are all positive. A conjecture related to the Euler number of compact
Ka¨hler manifolds with nonpositive bisectional curvature is proposed, which can be regarded
as a complex analogue to the Hopf conjecture.
1. Introduction
Unless otherwise stated, vector bundles, complex manifolds and their dimensions mentioned
throughout this article are respectively holomorphic, compact and positive.
Positivity is a central issue in complex differential geometry and algebraic geometry. For
line bundles the positivity in differential geometry and ampleness in algebraic geometry are
equivalent, thanks to the Kodaira embedding theorem. Griffiths ([Gr69]) and Hartshorne
([Ha66]) respectively generalized these two notions to higher rank vector bundles of by in-
troducing Griffiths-positivity and ampleness. It turns out that Griffiths-positivity implies
ampleness, and Griffiths conjectured in [Gr69] that these two notions are equivalent, which is
true when the base manifold is a projective curve ([CF90]). In general constructing a Griffiths-
positive Hermitian metric on an ample vector bundle seems to be quite difficult. Very recently
Demailly proposed in [De20] a method to attack this problem.
Griffiths also raised in [Gr69] the question of characterizing the polynomials in the Chern
classes and Chern forms for Griffiths-positive or ample vector bundles which are positive as
cohomology classes and differential forms. At the cohomology class level this was completely
answered by Fulton and Lazarsfeld ([FL83]), who showed that the set of such polynomials
for ample vector bundles is exactly the cone generated by the Schur polynomials of Chern
classes (an earlier special case was obtained by Bloch and Gieseker in [BG71]). This con-
sequently implies that all the Chern numbers of ample vector bundles are positive. At the
form level, Griffiths’s question is still largely unknown except in some special cases ([Gu06],
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[Gu12]). Recently the first author examined this question in [Li20] for nonnegative Hermitian
vector bundles in the sense of Bott and Chern ([BC65]) over (not necessarily Ka¨hler) complex
manifolds and showed that the Schur polynomials of Chern forms of such vector bundles are
strongly nonnegative.
Griffiths-nonnegativity can also be defined and its counterpart in algebraic geometry is
numerical effectiveness (“nefness” for short), where the former implies the latter. After some
earlier works ([Zhe89], [CP91], [CP93]), Demailly, Peternell and Schneider ([DPS94]) inves-
tigated in detail the structure of Ka¨hler manifolds with nef tangent bundles. Among other
things, they showed that those inequalities of Fulton-Lazarsfeld type remain true for Chern
classes of nef vector bundles on Ka¨hler manifolds ([DPS94, §2]). As an application, they
deduced that all the Chern numbers of a nef vector bundles on an n-dimensional Ka¨hler
manifolds are nonnegative and bounded from above by the Chern number cn1 ([DPS94, Coro.
2.6]).
This upper bound plays a crucial role in establishing the main structural theorem in [DPS94]
as well as in some other related applications. For instance, Zhang ([Zha97, Thm 3]) applied
it to show that the canonical line bundle of an immersed projective submanifold in an abelian
variety is ample if and only if its signed arithmetic genus is positive. Yang ([Ya17, Thm 1.2])
applied it and some other results in [DPS94] to show that the holomorphic tangent bundle of
a compact Ka¨hler manifold with nonnegative holomorphic bisectional curvature is big if and
only if it is Fano, and then classified such manifolds by using Mok’s uniformization theorem
([Mok88]).
Also motivated by this upper bound it was shown in [Li20, Thm 3.2] that for Bott-Chern
nonnegative Hermitian vector bundles the Euler number and cr1 are respectively the lower
and upper bounds at the form level, by making use of the special properties of Bott-Chern
nonnegativity. Note that the condition of Bott-Chern nonnegativity is stronger than that of
Griffiths nonnegativity and hence than that of nefness ([Li20, Example 4.4]). So the method
in [Li20] can not be directly carried over to nef vector bundles, as remarked in [Li20, Remark
3.3].
The main purposes of this article are two-folded. The first main purpose is to apply some
nonnegativity results in [Li20] by finding a good geometric model. To be more precise, given
a polarized manifold (M,L) with L very ample, we associate it to a Bott-Chern nonnegative
Hermitian vector bundle. This yields a family of sharp Chern class inequalities (Theorem 2.1),
among which the first one is a special case of a classical result. We apply some arguments of
algebro-geometric nature to characterize the second equality case (Theorem 2.2), which turns
out to be a topological characterization of all hypersurfaces in complex projective spaces. A
Chern number inequality involving L and the first two Chern classes of M is also deduced
(Theorem 2.4), which includes a reverse Miyaoka-Yau type inequality (Corollary 2.5).
The second main purpose is, by fully utilizing the positivity of Schur polynomials, we
show that the Euler number of a nef vector bundle over a Ka¨hler manifold is indeed the
lower bound (Theorem 2.8). As a major application, we classify compact Ka¨hler manifolds
with nonnegative holomorphic bisectional curvature whose Chern numbers are all positive
(Theorem 3.1). In view of Theorem 3.1, a conjecture (Conjecture 4.1) related to the Euler
number of compact Ka¨hler manifolds with nonpositive holomorphic bisectional curvature is
proposed and we provide some positive evidences to it.
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The rest of the article is organized as follows. The aforementioned main results (Theorems
2.1, 2.2, 2.4, 2.8) as well as some consequences are stated in Section 2. In Section 3 some
applications including Theorem 3.1 and examples are presented. We propose and discuss
Conjecture 4.1 in Section 4, which can be regarded as a “dual version” to Theorem 3.1.
Sections 5 and 6 are then devoted to the proofs of Theorems 2.1 and 2.4 and Theorems 2.8
and 3.1 respectively. Since the proof of Theorem 2.2 is a little more involved, we postpone it
to the last section, Section 7.
2. Main results
Let Mn be an n-dimensional projective manifold with L an ample line bundle on it. A
classical result (cf. [BS95, p. 159]) states that KM + (n + 1)L is always nef, and is ample
unless (M,L) =
(
Pn,OPn(1)
)
. Here KM is the canonical line bundle of M . Our first main
result is a family of sharp Chern class inequalities including a variant of this classical result
as a special case. To state it, let us introduce some more notations first.
The Segre classes of a vector bundle E are defined to be formal inverse of the total Chern
class of E∗, the dual of E, i.e.,
(2.1) s(E) = 1 + s1(E) + s2(E) + · · · := c(E∗)−1 = (1− c1(E) + c2(E)− · · · )−1.
That is,
s1(E) = c1(E), s2(E) = c
2
1(E)− c2(E), s3(E) = c31(E)− 2c1(E)c2(E) + c3(E), . . . ,
and so on. For simplicity we denote by si(M) := si(TM) and use L for its first Chern class
c1(L). A real (k, k)-form ϕ on M
n (1 ≤ k ≤ n) is called nonnegative ([De12, Ch. 3, §1.A]) if
it can be written as
ϕ = (
√−1)k2
∑
i
ψi ∧ ψi,
where these ψi are (k, 0)-forms. A cohomology class α ∈ Hk,k(M ;R) is called nonnegative,
denoted by α ≥ 0, if it contains a nonnegative (k, k)-form representative. Clearly if α ≥ 0
then
∫
Y
α ≥ 0 for any k-dimensional subvariety Y ⊂M .
Let L be a very ample line bundle on M , dimCH
0(M,L) = N + 1 and {s0, s1, . . . , sN}
a basis. Very ampleness means that M can be holomorphically embedded into a complex
projective space as a nonsingular projective variety via the following Kodaira map:
M
i−֒→ P(H0(M,L)∗) ∼= PN
x 7−→ [s0(x) : s1(x) : · · · : sN (x)]; i∗
(OPN (1)) = L.(2.2)
We remark that in this case the image i(M) is nondegenerate in the sense that it is not
contained in a hyperplane. Otherwise some linear combination of si would vanish on M , a
contradiction.
With the notation above understood, it comes our first result.
Theorem 2.1. Let L be very ample on Mn. We have for every k ≥ 1 the following sharp
Chern class inequalities
(2.3)
k∑
i=0
(−1)i
(
n+ k
k − i
)
· si(M) · Lk−i ≥ 0,
where the equality case of (2.3) occurs if (M,L) =
(
Pn,OPn(1)
)
or k > min{n,N − n}.
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Note that for k = 1, the left hand side of (2.3) is (n + 1)L + KM . In this case, the
inequality (n + 1)L +KM ≥ 0 is a special case of the aforementioned classical result, where
L is only needed to be ample, and the equality KM + (n + 1)L = 0 occurs if and only if
(M,L) =
(
Pn,OPn(1)
)
due to a classical result of Kobayashi and Ochiai ([KO73]).
For k = 2, the left hand side of (2.3) becomes
1
2
(n + 2)(n + 1)L2 − (n+ 2)Lc1 + c21 − c2.
It turns out that the equality case of this gives exactly a characterization of hypersurfaces. In
other words we have the following
Theorem 2.2. Let L be very ample on Mn. Then by the k = 2 case of Theorem 2.1 we have
(2.4)
1
2
(n+ 2)(n + 1)L2 − (n+ 2)Lc1 + c21 − c2 ≥ 0.
The equality occurs if and only if either (M,L) =
(
Pn,OPn(1)
)
or the Kodaira map (2.2)
embeds Mn as a hypersurface in Pn+1 (i.e., N − n = 1) of degree Ln.
When c1 = 0, i.e., for Calabi-Yau manifolds, the expressions in (2.3) can be simplified a bit
to lead to
Corollary 2.3. Let Mn be a Calabi-Yau manifold with n ≥ 2. Then for any very ample line
bundle L on Mn, it holds
1
2
(n+ 2)(n + 1)L2 − c2 ≥ 0;(2.5)
1
6
(n+ 3)(n + 2)(n + 1)L3 − (n+ 3)Lc2 − c3 ≥ 0.(2.6)
The first equality case holds if and only if the Kodaira map (2.2) embeds Mn in Pn+1, and in
this case the degree of the hypersurface is necessarily Ln = n+ 2.
Our next result is the following Chern number inequality for (M,L).
Theorem 2.4. Suppose L is very ample on Mn. Then the following Chern number inequality
holds:
(2.7)
[n(n+ 1)
2
L2 − nc1L+ c2
][− c1 + (n + 1)L]n−2 ≤ [− c1 + (n+ 1)L]n.
Fujita’s very ampleness conjecture ([Fuj85]) asserts that KM + (n + 2)L is very ample
whenever L is ample. This conjecture holds true if L is further assumed to be globally
generated ([Ke08, Thm 1.1]). So replacing L in (2.7) with −c1 + (n + 2)L and with some
calculations (see Example 3.10 for details), we have
Corollary 2.5. Suppose L is ample and globally generated on Mn. Then
(2.8)
[− nc21 + 2(n+ 1)c2][− c1 + (n+ 1)L]n−2 ≤ (n+ 2)3[− c1 + (n+ 1)L]n.
In particular, if KM is ample and globally generated, we have
(2.9) c2(−c1)n−2 ≤ (n + 2)
5 + n
2(n + 1)
(−c1)n.
Remark 2.6.
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(1) Yau’s celebrated Chern number inequality ([Yau77]) says that if KM is ample, then
n
2(n + 1)
(−c1)n ≤ c2(−c1)n−2,
to which (2.9) can be viewed as a complement when KM is further assumed to be
globally generated. Note that the inequality (2.9) is not optimal due to the method
we employ (see Corollary 2.7 below). Even so, we are unaware of any this kind of
reverse Miyaoka-Yau type inequality in the literature, to the best of our knowledge.
(2) In general, if L is ample and aL is very ample for some a ∈ Q+, we may from (2.7)
have an inequality involving an extra constant a. It is also known by the work of
Demailly ([De93]) that 2KM + 12n
nL is always very ample for any ample L. So we
may always take a = 2 + 12nn when KM is ample, which of course also leads to a
reverse Miyaoka-Yau inequality but with a very large constant.
As a direct corollary of Theorem 2.2, we have the following
Corollary 2.7. Let Mn be projective manifold with c1 < 0 (or c1 > 0) and a ∈ Q+ (or
a ∈ Q−) such that L = aKM is a very ample line bundle. Replacing L in (2.4) with −ac1 (or
ac1) and multiplying by (−c1)n−2 (or cn−21 ), it holds
(2.10)
[1
2
(n+ 2)(n + 1)a2 + (n+ 2)a+ 1
]
(εc1)
n ≥ c2(εc1)n−2,
where ε = −1 (or 1). If the equality holds, then (see Example 3.9) 1
a
= ε(n + 2 − Ln), and
the Kodaira map (2.2) of L = aKM embeds M
n as a hypersurface in Pn+1 with degree Ln.
In particular, for those with very ample KM , it holds that
(2.11)
1
2
(n2 + 5n+ 8)(−c1)n ≥ c2(−c1)n−2,
and the equality occurs if and only if Mn ⊂ Pn+1 is a hypersurface of degree n+ 3.
Next, for two given positive integers k and r, let us denote by Γ(k, r) the set of partitions
λ = (λ1, λ2, . . . , λk) of weight k by nonnegative integers λj ≤ r:
(2.12) r ≥ λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0,
k∑
j=1
λj = k.
Let E be a rank r vector bundle. For each partition λ ∈ Γ(k, r), the Chern monomial cλ(E)
is defined by
cλ(E) :=
k∏
j=1
cλj (E) ∈ Hk,k(M ;Z).
With this notation understood, we come to our third main result.
Theorem 2.8. Let E be a rank r nef vector bundle on an n-dimensional compact Ka¨hler
manifold (M,ω), and ci(E) the i-th Chern classes of E (0 ≤ i ≤ r). Then for each 1 ≤ k ≤ n
and λ ∈ Γ(k, r) we have
(2.13)
∫
M
cλ(E) ∧ [ω]n−k ≥
∫
M
ck(E) ∧ [ω]n−k ≥ 0.
In particular, all the Chern numbers of E are bounded below by the (nonnegative) Euler
number
∫
M
cn(E).
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3. Applications and examples
3.1. Some applications to Theorem 2.8. Mori ([Mor79]) and Siu-Yau’s ([SY80]) inde-
pendent solution to the Frankel conjecture asserts that an n-dimensional compact Ka¨hler
manifold with positive holomorphic bisectional curvature is biholomorphic to Pn. Building
on a splitting result of Howard-Smyth-Wu ([HSW81], [Wu81]) and combining analytic and
algebraic tools, Mok solved the generalized Frankel conjecture by showing the following uni-
formization theorem. If a compact Ka¨hler manifold has nonnegative holomorphic bisectional
curvature, then its universal cover is holomorphically isometric to
(3.1) (Cq, g0)× (PN1 , θ1)× · · · × (PNk , θk)× (M1, g1)× · · · × (Mp, gp),
where g0 is flat, θi are Ka¨hler metrics on P
Ni carrying nonnegative holomorphic bisectional
curvature, and (Mi, gi) are irreducible compact Hermitian symmetric spaces of rank ≥ 2
equipped with the canonical metrics.
As a major application of Theorem 2.8, we can, with the help of Mok’s uniformization the-
orem, classify compact Ka¨hler manifolds with nonnegative holomorphic bisectional curvature
whose Chern numbers are all positive.
Theorem 3.1. Let M be an n-dimensional compact Ka¨hler manifold with nonnegative holo-
morphic bisectional curvature. Then
(1) either all the Chern numbers of M are positive, in which case M is holomorphically
isometric to
(3.2) (PN1 , θ1)× · · · × (PNk , θk)× (M1, g1)× · · · × (Mp, gp)
with θi and (Mi, gi) are the same as those in (3.1);
(2) or all the Chern numbers ofM vanish, in which case π1(M) is infinite and its universal
cover splits off a nontrivial complex Euclidean factor (Cq, g0) in (3.1).
Combining the results in [DPS94] and [Ya17] with Theorem 3.1, we have now the follow-
ing equivalent conditions to characterize simply-connected compact Ka¨hler manifolds with
nonnegative holomorphic bisectional curvature.
Theorem 3.2. Let M be an n-dimensional compact Ka¨hler manifold with nonnegative holo-
morphic bisectional curvature. Then the following four statements are equivalent.
(1) M is Fano, i.e., c1(M) > 0;
(2) the holomorphic tangent bundle TM is big;
(3) the Chern number cn1 > 0;
(4) all the Chern numbers of M are positive.
Remark 3.3. “(1)⇐⇒ (3)” is due to Demailly-Peternell-Schneider ([DPS94, §4]), where they
indeed showed this for compact Ka¨hler manifolds with nef tangent bundles. “(2)⇐⇒ (3)” is
due to Yang ([Ya17, Thm 1.2]). “(4)⇐⇒ (3)” follows from our Theorem 3.1.
Recall that, for a (possibly non-Ka¨hler) Hermitian metric g on a complex manifold M ,
the holomorphic bisectional curvature of g can still be defined in terms of the Chern con-
nection. Denote by TM the holomorphic tangent bundle of M . Then the Hermitian vector
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bundle (TM, g)
(
resp. (T ∗M ,g)
)
is Griffiths-nonnegative if and only if the holomorphic bi-
sectional curvature of g is nonnegative (resp. nonpositive) ([Zhe00, p. 177]). Since Griffiths-
nonnegativity implies nefness, combining the lower bound in Theorem 2.8 with the upper
bound in [DPS94] we have the following
Corollary 3.4. Let M be an n-dimensional compact Ka¨hler manifold with a (possibly dif-
ferent) Hermitian metric g whose holomorphic bisectional curvature is nonnegative (resp.
nonpositive). Then the Chern numbers cλ[M ] of M satisfy
0 ≤ cn[M ] ≤ cλ[M ] ≤ cn1 [M ](
resp. 0 ≤ (−1)ncn[M ] ≤ (−1)ncλ[M ] ≤ (−1)ncn1 [M ]
)
.
The famous Hopf conjecture asserts that the Euler number χ(M) of a closed 2n-dimensional
Riemannian manifoldM with sectional curvatureK < 0 (resp. K ≤ 0) satisfies (−1)nχ(M) >
0
(
resp. (−1)nχ(M) ≥ 0), which is true when n ≤ 2 ([Ch55]) but is still open in its full
generality for n ≥ 3. Gromov ([Gr91]) introduced the notion of “Ka¨hler hyperbolicity”, which
includes Ka¨hler metrics with K < 0 as special cases, and showed that the Euler number of
Ka¨hler hyperbolic manifolds have the expected sign. This notion was extended independently
by Cao-Xavier ([CX01]) and Jost-Zuo ([JZ00]) to the nonpositive case. These consequently
settled the above Hopf Conjecture for Ka¨hler manifolds. Indeed what they achieved is a
solution of a stronger conjecture, the Singer conjecture in the Ka¨hlerian case ([Lu¨02, §11]).
Note that the sign of holomorphic bisectional curvature of a Ka¨hler metric is dominated
by that of (Riemannian) sectional curvature ([Zhe00, p. 178]). So our following corollary
provides more information on Chern numbers of compact Ka¨hler manifolds with nonpositive
sectional curvature.
Corollary 3.5. Let (M,ω) be an n-dimensional compact Ka¨hler manifold with nonpositive
(Riemannian) sectional curvature. Then its Chern numbers cλ[M ] satisfy
0 ≤ (−1)nχ(M) = (−1)ncn[M ] ≤ (−1)ncλ[M ] ≤ (−1)ncn1 [M ].
Remark 3.6. By refining Gromov’s idea, the first author recently deduced that ([Li19, Thm
2.1]) n-dimensional Ka¨hler hyperbolic manifolds indeed satisfy a family of optimal Chern
number inequalities and the first one is exactly (−1)ncn ≥ n + 1 , which is an improved
inequality expected by the Hopf conjecture.
3.2. Examples. We give in this subsection some examples to illustrate some main results in
Section 2.
The following tensor product formulas for Segre classes and total Chern class are well-known
(cf. [Ful98, p. 49-50, p. 56]) and shall be used in the sequel.
Example 3.7. Let E be a vector bundle of rank n+ 1 (resp. n) and L a line bundle. Then
we have
sk(E ⊗ L) =
k∑
i=0
(
n+ k
k − i
)
· si(E) · Lk−i, ∀ k.
(
resp. c(E ⊗ L) =
n∑
i=0
ci(E) · (1 + L)n−i.
)
Note that our Segre classes sk defined in (2.1) are different from those in [Ful98] by a sign
(−1)k (cf. [Ful98, p. 50]).
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Example 3.8. Let L := OPn(1) be the hyperplane line bundle on Pn. We show that the
equality cases of (2.3) are satisfied by (Pn, L). Indeed we have the relation TPn⊕C = (n+1)L,
where C denotes the trivial line bundle, and thus
(3.3) Cn+1 = (T ∗Pn ⊕ C)⊗ L.
Taking the k-th Segre class sk(·) on both sides of (3.3) leads to
0 = sk
(
(T ∗Pn ⊕ C)⊗ L)
=
k∑
i=0
(
n+ k
k − i
)
· si(T ∗Pn ⊕ C) · Lk−i (by Example 3.7)
=
k∑
i=0
(−1)i
(
n+ k
k − i
)
· si(Pn) · Lk−i.
(3.4)
Example 3.9. (1) If c1 = 0, (2.5) says that
1
2(n + 2)(n + 1)L
2 ≥ c2 for any very ample
line bundle L, and equality occurs when and only when the Kodaira map (2.2) for L
embeds Mn as a degree n+ 2 hypersurface in Pn+1.
(2) For a projective manifold Mn with c1 < 0, one may take a very ample line bundle
L = −ac1 with a ∈ Q+, and get from (2.4) that[1
2
(n+ 2)(n + 1)a2 + (n+ 2)a+ 1
]
c21 ≥ c2,
with equality if and only if the Kodaira map for L embeds Mn as a hyperfurface in
Pn+1 of degree Ln = an(−c1)n ≥ n + 3. In this case we have c1 = (n + 2− Ln)L and
so a = 1/[Ln − (n+ 2)].
(3) Similarly, for a Fano manifold Mn, one may take a very ample line bundle L = ac1
with a ∈ Q+ and get from (2.4) the inequality
[1
2
(n+ 2)(n + 1)a2 − (n+ 2)a+ 1]c21 ≥ c2,
where the equality case occurs if and only if either Ln = 1 and (M,L) =
(
Pn,OPn(1)
)
,
or the Kodaira map embeds Mn as a hyperfurface in Pn+1 with degree Ln ≤ n + 1.
In the latter case we have a = 1/[(n + 2)− Ln].
Example 3.10. In this example we indicate how to derive (2.8) from (2.7). Indeed, direct
calculations imply that
n(n+ 1)
2
[− c1 + (n+ 2)L]2 − nc1[− c1 + (n+ 2)L]+ c2
=
n(n+ 2)2
2(n+ 1)
[− c1 + (n+ 1)L]2 − n
2(n + 1)
c21 + c2.
(3.5)
Replacing L in (2.7) with −c1 + (n+ 2)L and using (3.5) it yields{n(n+ 2)2
2(n+ 1)
[− c1 + (n+ 1)L]2 − n
2(n + 1)
c21 + c2
}[− c1 + (n+ 1)L]n−2
≤ (n+ 2)2[− c1 + (n+ 1)L]n.
(3.6)
Multiplying by 2(n+1) on both sides of (3.6) and cancelling the terms involving [−c1 + (n+
1)L]n yields (2.8). Further replacing L with −c1 in (2.8) leads to (2.9).
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4. A conjecture in the nonpositive case
In view of Theorem 3.1, it is natural to wonder, for compact Ka¨ler manifolds with nonpos-
itive holomorphic bisectional curvature, whether their signed Chern numbers have the similar
phenomenon of simultaneous positivity like Theorem 3.1. In contrast to Mok’s uniformization
theorem in the nonnegative situation, our current knowledge on the structure of nonpositive
holomorphic bisectional curvature compact Ka¨hler manifolds is still much less satisfactory.
So no appropriate structure theorem is available to deduce a similar conclusion, to our best
knowledge. Nevertheless, we believe the validity of the following conjecture, which can be
regarded as the complex analogue to the Hopf conjecture.
Conjecture 4.1. Let (M,ω) be an n-dimensional compact Ka¨hler manifold with nonpositive
holomorphic bisectional curvature whose Ricci curvature is quasi-negative. Then the signed
Euler number (−1)ncn[M ] > 0.
Remark 4.2. If a Ka¨hler metric ω has nonpositive bisectional curvature, then its Ricci curva-
ture is nonpositive. So the quasi-negativity of Ricci curvature is equivalent to (−1)ncn1 [M ] > 0.
In view of Corollary 3.4, Conjecture 4.1 is equivalent to the simultaneous positivity and van-
ishing of Chern numbers for such manifolds. Unfortunately, so far we are unable to solve
it.
A positive evidence to Conjecture 4.1 indeed has been provided in [Li20]. It turns out
that the holomorphic cotangent bundles of (immersed) complex submanifolds in complex
tori admit Bott-Chern nonnegative Hermitian metrics ([Li20, Ex 4.3]). As an application
of the main results, it is shown in ([Li20, Thm 7.3]), among other things, that their signed
Chern numbers have the phenomena of simultaneous positivity and vanishing. Note that
complex submanifolds in complex tori can be equipped with Ka¨hler metrics with nonpositive
holomorphic bisectional curvature (the induced metrics from the flat complex tori). So this
result indeed partially confirms Conjecture 4.1.
It is worth mentioning that the following splitting result for nonpositive bisectional curva-
ture compact Ka¨hler manifolds, which is dual to the famous splitting result of Howard-Smyth-
Wu in the nonnegative situation ([HSW81], [Wu81]) and originally conjectured by S.-T. Yau,
has been recently confirmed by Liu ([Liu14]) building on earlier works of Wu and the second
author ([Zhe02], [WZ02]).
Theorem 4.3 (Liu, Wu-Zheng). If (M,ω) is an n-dimensional compact Ka¨hler manifold
with nonpositive holomorphic bisectional curvature whose maximal rank of the Ricci form is
r (0 ≤ r ≤ n), then there exists a finite cover M ′ of M such that M ′ is holomorphically
isometric to a flat torus bundle T n−r over a compact Ka¨hler manifold N r with nonpositive
bisectional curvature and c1(N) < 0.
More precise statement and various corollaries can be found in [Liu14]. Although it seems to
us that the information provided by this splitting theorem is not enough to reach Conjecture
4.1 in its full generality, we can still have the following result.
Proposition 4.4. Let (M,ω) be as in Conjecture 4.1. Then the signed Chern number
(−1)nc2cn−21 [M ] > 0. In particular, Conjecture 4.1 is true for n = 2.
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Proof. Let M ′ be the finite cover of M as in Theorem 4.3. The quasi-negativity of the Ricci
curvature on M implies that c1(M
′) < 0. Then Yau’s Chern number inequality tells us that
(4.1) (−1)nc2cn−21 [M ′] ≥
n
2(n + 1)
(−1)ncn1 [M ′].
Since Chern numbers are multiplicative under a finite cover, (4.1) leads to
(−1)nc2cn−21 [M ] ≥
n
2(n + 1)
(−1)ncn1 [M ],
from which the conclusion follows. 
5. Proofs of Theorems 2.1 and 2.4
Let (Mn, L) be a polarized manifold with L a very ample line bundle. This L embeds M
into some complex projective space PN as a nondegenerate smooth projective variety via the
Kodaira map (2.2).
The embedding i induces a Gauss map γ which sends p ∈ M to TpM , the n-dimensional
projective tangent space of M at p in PN :
M
γ−→ Gn(PN ) ∼= Gn+1(CN+1)
p 7−→ TpM,
(5.1)
whereGn(P
N ) is the Grassmannian variety of n-dimensional projective subspaces in PN , which
is isomorphic to Gn+1(C
N+1), the usual complex Grassmannian of (n+1)-dimemsional linear
spaces in CN+1.
Let S be the rank n + 1 tautological subbundle over Gn+1(C
N+1). The bundles γ∗(S),
L and the tangent bundle TM are famously related to each other via the following exact
sequence (cf. [At57, p. 198])
(5.2) 0 −→ C −→ γ∗(S)⊗ L −→ TM −→ 0,
where as before C denotes the trivial line bundle on M .
Remark 5.1. The geometric model described above has been used in several papers to
deduce Chern number inequalities in their context. For instance, Tai used in [Ta89] the exact
sequence (5.2) and those symmetric polynomials invariant by translation to deduce Chern
number inequalities for complete intersections in PN . This idea was further push forwarded
by Manivel in [Ma94]. Du and Sun applied it in [DS17] to treat the boundedness of the region
given by the Chern ratios.
5.1. Proof of Theorem 2.1. Note that the rank N − n universal quotient bundle Q over
Gn+1(C
N+1) is globally generated and so is γ∗(Q) over Mn, the pull back under the Gauss
map γ in (5.1). Bott and Chern introduced in [BC65] a nonnegativity notion for holomorphic
vector bundles, which is called Bott-Chern nonnegativity in [Li20]. Its precise definition is
not important in this article, and we only need the fact that any globally generated vector
bundle can be equipped with a Bott-Chern nonnegative Hermitian metric ([Li20, (4.2)]). So
γ∗(Q) admits such a Hermitian metric, say h. In this case the Chern forms ck
(
γ∗(Q), h
)
with
respect to the canonical Chern connection are nonnegative as real (k, k)-forms ([Li20, Prop.
3.1]). We remark that in [Li20] they are called “strongly nonnegative” to distinguish from
another weaker nonnegativity. So the Chern classes ck
(
(γ∗(Q)
) ≥ 0 as cohomology classes.
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We claim that
(5.3) ck
(
(γ∗(Q)
)
=
k∑
i=0
(−1)i
(
n+ k
k − i
)
· si(M) · Lk−i,
from which the inequalities (2.3) follows. Since γ∗(Q) is a rank N − n vector bundle over an
n-dimensional manifold. So ck
(
(γ∗(Q)
)
= 0 for k > min{n,N − n}.
We now prove (5.3). Note that the total Chern classes of Q and the universal subbundle S
are related by c(Q)c(S) = 1 and therefore c
(
γ∗(Q)
)
c
(
γ∗(S)
)
= 1. This implies that
(5.4) c
(
γ∗(Q)
)
=
1
c
(
γ∗(S)
) = s(γ∗(S∗))
by the definition of Segre classes in (2.1). On the other hand, the exact sequence (5.2) tells
us that
(5.5) s
(
γ∗(S∗)
)
= s
[
(C⊕ T ∗M)⊗ L].
Combining (5.4) with (5.5) yields
ck
(
(γ∗(Q)
)
= sk
(
γ∗(S∗)
)
= sk
[
(C⊕ T ∗M)⊗ L]
=
k∑
i=0
(
n+ k
k − i
)
· si(C⊕ T ∗M) · Lk−i (by Example 3.7)
=
k∑
i=0
(−1)i
(
n+ k
k − i
)
· si(M) · Lk−i.
(5.6)
This completes the proof of (5.3) and hence of the inequalities in (2.3).
In Example 3.8 we have showed by directly calculation that the equality cases in (2.3) are
satisfied by the pair (M,L) =
(
Pn,OPn(1)
)
. This fact is now obvious from our proof as in
this case the Gauss map γ is a constant map and so γ∗(Q) is trivial.
5.2. Proof of Theorem 2.4. For simplicity we denote by ci the i-th Chern class of M . The
exact sequence (5.2) says that the total Chern class of γ∗(S∗) is given by
c
(
γ∗(S∗)
)
= (1 + L) · c(T ∗M ⊗ L)
= (1 + L)
[ n∑
i=0
(−1)ici · (1 + L)n−i
]
. (by Example 3.7)
In particular {
c1
(
γ∗(S∗)
)
= −c1 + (n+ 1)L
c2
(
γ∗(S∗)
)
= n(n+1)2 L
2 − nc1L+ c2.
(5.7)
Note that S∗ is also globally generated and so is γ∗(S∗). As mentioned above γ∗(S∗) can
be endowed with a Bott-Chern nonnegative Hermitian metric. Then we have the following
Chern number inequality, which is a special case of [Li20, Thm 3.2]
(5.8) c2
(
γ∗(S∗)
)[
c1
(
γ∗(S∗)
)]n−2 ≤ [c1(γ∗(S∗))]n.
Substituting (5.7) into (5.8) yields the desired inequality (2.7). Note that (5.8) can also be
deduced from [DPS94, Coro. 2.6] as γ∗(S∗) is also nef.
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6. Proofs of Theorems 2.8 and 3.1
6.1. Proof of Theorem 2.8. Under the notations introduced in Section 2, we start with the
following
Definition 6.1. For each partition λ = (λ1, λ2, . . . , λk) ∈ Γ(k, r), the Schur polynomial
Sλ(c1, . . . , cr) ∈ Z[c1, . . . , cr] is defined as follows.
Sλ(c1, . . . , cr) := det(cλi−j+j)1≤i,j≤k (i : row, j : column)
=
∣∣∣∣∣∣∣∣∣
cλ1 cλ1+1 · · · cλ1+k−1
cλ2−1 cλ2 · · · cλ2+k−2
...
...
. . .
...
cλk−k+1 cλk−k+2 · · · cλk
∣∣∣∣∣∣∣∣∣
,
where we adopt the convention that c0 := 1 and ci := 0 if i /∈ [0, r].
We shall use the following two special Schur polynomials.
Example 6.2. We have
(6.1) S(i,0,...,0)(c1, . . . , cr) = ci
and
S(k−i,i,0,...,0)(c1, . . . , cr) =
∣∣∣∣∣∣∣∣∣∣∣
ck−i ck−i+1 ∗ · · · ∗
ci−1 ci ∗ · · · ∗
0 0 1 · · · ∗
...
...
...
. . .
0 0 0 · · · 1
∣∣∣∣∣∣∣∣∣∣∣
(
0 ≤ i ≤ [k
2
]
)
= ck−ici − ck−i+1ci−1.
(6.2)
Schur polynomials have appeared and played important roles in algebraic combinatorics,
representation theory, algebraic geometry and so on. We refer to [Ful97] and [Mac95] for
various facts on them. What we need in the proof is the following special case of the remarkable
Littlewood-Richardson rule ([Mac95, p. 142]).
Lemma 6.3. Denote by
P (k, r) :=
{ ∑
λ∈Γ(k,r)
aλSλ(c1, . . . , cr)
∣∣ aλ ≥ 0}.
Then
P (k1, r) · P (k2, r) ⊂ P (k1 + k2, r).
Now we are ready to prove Theorem 2.8. For convenience, we denote by
Ci := ci(E), Sλ := Sλ
(
c1(E), . . . , cr(E)
)
.
The following Fulton-Lazarsfeld type inequalities for nef vector bundles over compact Ka¨hler
manifolds are due to Demailly, Peternell and Schneider ([DPS94, §2]).
(6.3)
∫
M
Sλ ∧ [ω]n−k ≥ 0,
(
1 ≤ k ≤ n, λ ∈ Γ(k, r)
)
.
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In view of (6.3) and the definition of P (k, r), in order to prove Theorem 2.8, it suffices to show
(6.4) Cλ1Cλ2 · · ·Cλk − Cλ1+···λk ∈ P (
k∑
i=1
λi, r),
which follows from the following two lemmas.
Lemma 6.4. We have
(6.5) Cλ1+···λt−1Cλt −Cλ1+···λt ∈ P (
t∑
i=1
λi, r), ∀ 2 ≤ t ≤ k.
Proof.
Cλ1+···λt−1Cλt − Cλ1+···λt =
λt−1∑
i=0
(
Cλ1+···λt−1+iCλt−i − Cλ1+···λt−1+i+1Cλt−i−1
)
=
λt−1∑
i=0
S(λ1+···λt−1+i,λt−i,0,...,0)
(
by (6.2)
)
∈P (
t∑
i=1
λi, r).

Lemma 6.5. The inequality (6.4) holds true.
Proof.
Cλ1Cλ2 · · ·Cλk − Cλ1+···+λk
=
k−1∑
i=1
(
Cλ1+···+λiCλi+1 · · ·Cλk − Cλ1+···+λi+1Cλi+2 · · ·Cλk
)
=
k−1∑
i=1
(
Cλ1+···+λiCλi+1 − Cλ1+···+λi+1
)
Cλi+2 · · ·Cλk
=
k−1∑
i=1
(
Cλ1+···+λiCλi+1 − Cλ1+···+λi+1
)
S(λi+2,0,...,0) · · · S(λk,0,...,0).
(
by (6.1)
)
∈
k−1∑
i=1
P (λ1 + · · ·+ λi+1, r)P (λi+2, r) · · ·P (λk, r)
(
by (6.5)
)
⊂P (
k∑
i=1
λi, r).
(
by Lemma 6.3
)
This completes the proof of (6.4) and hence Theorem 2.8. 
6.2. Proof of Theorem 3.1. Its proof is an application of the following Howard-Smyth-Wu’s
splitting theorem ([HSW81], [Wu81]) and Mok’s uniformization theorem ([Mok88]).
Theorem 6.6. Let (M,ω) be an n-dimensional compact Ka¨hler manifold with nonnegative
holomorphic bisectional curvature. Let q ∈ Z≥0 be the irregularity of M , which is one half of
the first Betti number of M .
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(1) (Mok) If M is simply-connected, then it is holomorphically isometric to
(6.6) (PN1 , θ1)× · · · × (PNk , θk)× (M1, g1)× · · · × (Mp, gp),
where θi are Ka¨hler metrics on P
Ni carrying nonnegative holomorphic bisectional cur-
vature, and (Mi, gi) are irreducible compact Hermitian symmetric spaces of rank ≥ 2
equipped with the canonical metrics.
(2) (Howard-Smyth-Wu) If π1(M) is nontrivial, then it is infinite. Thus q > 0 and the
Albanese map M −→ T qC is a locally isometrically trivial holomorphic fiber bundle,
where T qC is equipped with flat metric and the fiber is holomorphically isometric to
(6.6).
We can now proceed to prove Theorem 3.1.
Proof. First note that the Euler number cn(·) of the manifolds of the form (6.6) is strictly pos-
itive. Indeed, Since odd-dimensional homologies of irreducible compact Hermitian symmetric
spaces are zero and so all cn(Mi) > 0. Therefore
cn(P
N1 × · · · × PNk ×M1 × · · · ×Mp)
=cn(P
N1) · · · cn(PNk)cn(M1) · · · cn(Mp) > 0.
(6.7)
If M is simply-connected, M is of the form (6.6), whose Euler number is strictly positive
due to (6.7). Then Theorem 2.8 implies that all the Chern numbers of M are positive.
If π1(M) is nontrivial, then by Howard-Smyth-Wu’s splitting result we have nontrivial
Albanese variety T qC. Since the Ricci curvature is quasi-positive along the fiber and vanishes
along T qC, the maximal rank of Ricci curvature of ω is less than n. This implies that the
Chern number cn1 [M ] = 0 and consequently all the Chern numbers vanish. This completes
the desired proof. 
Remark 6.7. We can also apply a result in [DPS94] to give a slightly different proof. If
cn1 [M ] > 0, then M is Fano due to [DPS94, Prop. 3.10]. Since a Fano manifold is simply-
connected ([Zhe00, p. 225]), this reduces to the first case above. Otherwise cn1 [M ] = 0 and
this reduces to the second case.
7. Proof of Theorem 2.2
Assume that the equality case of (2.4) in Theorem 2.2 holds. This, as we have seen in
the proof of Theorem 2.1, is equivalent to the second Segre class s2(γ
∗S∗) = 0. We want
to deduce from it that either (M,L) =
(
Pn,OPn(1)
)
, or N − n = 1, i.e., the Kodaira map
(2.2) embeds Mn as a hypersurface in Pn+1. To this end, we first introduce a quantity d,
which is the maximum of the dimensions of the osculating spaces of order 2 on M , and apply
some arguments of algebro-geometric nature to show that the desired conclusion holds true if
d ≤ n+ 1. Then we shall show that the inequality d ≤ n+ 1 follows from s2(γ∗S∗) = 0.
7.1. The osculating space of order 2. Let z = (z1, . . . , zn) be a local holomorphic coordi-
nate system centered at p ∈ U ⊂M , and φ : U → CN+1\{0} a local lifting of the embedding i
in (2.2) around p. The osculating space of order k at p is defined to be the projective subspace
Tkp(M) in P
N passing through p, spanned by [ ∂φ
∂zI
(0)] for all multi-indices I = (i1, . . . , in) with
length |I| = i1 + · · ·+ in ≤ k. It turns out that Tkp(M) is independent of the local coordinate
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and lifting chosen. By definition Tp(M) ⊂ Tkp(M) and T1p(M) = Tp(M) ∼= Pn is precisely the
projective tangent space at p.
Let Tan(M) and Sec(M) be the tangent variety and secant variety of M , which are defined
to be
Tan(M) :=
⋃
p∈M
Tp(M), Sec(M) := {lines uv | u, v ∈M, u 6= v},
whose expected (maximal) dimensions are 2n and 2n + 1 respectively.
Below we focus on T2p(M), the osculating spaces of order 2. Unlike the case of k = 1, the
dimensions of Tkp(M) (k ≥ 2) may vary and thus let d := maxp∈M dimT2p(M), the maximum of
the dimensions of T2p(M) on M . The following lemma shows that the condition of “d ≤ n+1”
shall yield the desired conclusion.
Lemma 7.1. If d ≤ n+ 1, then either (M,L) = (Pn,OPn(1)), or N − n = 1.
Proof. It is easy to see that (cf. [BF04, Lemma 1]), for a generic point q ∈ Tan(M), where
q ∈ Tp(M) for p generic in M , Tq
(
Tan(M)
) ⊂ T2p(M). So dimTan(M) ≤ n + 1 by the
assumption. On the other hand, dimTan(M) ≥ n. We distinguish two different cases:
(1) dimTan(M) = n, then all the Tp(M) coincide and thus M = P
n.
(2) dimTan(M) = n+ 1 and Tan(M) = Pn+1, then M is contained in this Pn+1 and thus
n+ 1 = N , due to the nondegeneracy of M in PN
(
see the remarks after (2.2)
)
.
Now it suffices to rule out the possibility of dimTan(M) = n+ 1 and Tan(M) 6= Pn+1. In-
deed, since n ≥ 2, in this case dimTan(M) < 2n, the expected dimension. A beautiful result of
Fulton and Hansen ([FH79, Coro. 4]) says that whenM is smooth and dimTan(M) is strictly
less than the expected dimension, one always has Tan(M) = Sec(M). So dimSec(M) = n+1.
On the other hand, by Zak’s result on linear normality ([Za93, Ch.II, Coro. 2.11]), one has
dimSec(M) ≥ 3
2
n+ 1 = n+
n
2
+ 1 ≥ n+ 2,
which of course contradicts dimSec(M) = n+ 1. 
7.2. Completion of the proof. It remains to show that, under the condition s2(γ
∗S∗) = 0,
the inequality d ≤ n + 1 indeed holds. Note that γ∗S∗ is a quotient of the trivial bundle
CN+1, and recall from [Li20] that the induced metric on γ∗S∗ from the trivial one on CN+1
is Bott-Chern nonnegative and hence its second Segre form is nonnegative as a (2, 2)-form.
The condition s2(γ
∗S∗) = 0 then guarantees that this form is identically zero, which implies
that d ≤ n + 1. For technical reason we do it on the dual bundle γ∗S, which is a subbundle
of CN+1. We shall carry out the details in the sequel.
Fix any p ∈M . We can choose a basis σ = {s0, s1, . . . , sN} of H0(M,L) such that
s0(p) 6= 0, s1(p) = · · · = sN (p) = 0, zj := sj
s0
, dz1 ∧ · · · ∧ dzn∣∣
p
6= 0,
and
∂zα
∂zi
(p) = 0, ∀ 1 ≤ i ≤ n, ∀ n+ 1 ≤ α ≤ N.
So z = (z1, . . . , zn) forms a local holomorphic coordinate system centered around p. As
before the basis σ gives us a holomorphic embedding M →֒ PN and hence the Gauss map
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γ :M → Gn+1(CN+1). Near p, the submanifold M ⊂ PN is defined via equations
zα = fα(z1, . . . , zn), n+ 1 ≤ α ≤ N.
At the origin p, we have
fα(0) = 0, fαi (0) :=
∂fα
∂zi
(0) = 0, ∀ n+ 1 ≤ α ≤ N, ∀ 1 ≤ i ≤ n.
Let {e0, . . . , eN} be the standard frame of the (N +1)-dimensional trivial bundle CN+1 on
M . A local frame of its subbundle γ∗(S) near p is given by {X0,X1, . . . ,Xn}, where


Xi = ei +
∑N
α=n+1 f
α
i eα, 1 ≤ i ≤ n,
X0 = e0 +
∑N
α=n+1 h
αeα,
hα := fα −∑nj=1 zjfαj , n+ 1 ≤ α ≤ N.
Now fix a flat metric 〈, 〉 on CN+1 so that {e0, . . . , eN} is unitary. Denote its restricted
metric on γ∗S by g. Then the matrix of g under the frame {X0,X1, . . . ,Xn} is
g = (〈Xi,Xj〉)0≤i,j≤n = In+1 + FF ∗,
where
F =


h(n+1) h(n+2) · · · hN
f
(n+1)
1 f
(n+2)
1 · · · fN1
...
...
. . .
...
f
(n+1)
n f
(n+2)
n · · · fNn

 .
Using the facts that g(0) = In+1, dg(0) = (0), F (0) = (0) and the entries of F are
holomorphic with respect to z, the curvature matrix Θ = (Θij)0≤i,j≤n of g at the origin p is
given by
(
Θij
)
(p) = ∂¯
[
(∂g) · g−1](0)
= −∂F ∧ (∂F )∗(0)
= −(ξαi ) ∧ (ξβj )∗(0)
=
(
−
N∑
α=n+1
ξαi ∧ ξαj
)
(0),
where ξα0 := ∂h
α and ξαi := ∂f
α
i when 1 ≤ i ≤ n.
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We now compute s2(γ
∗S, g), the second Segre form of γ∗S with respect to g, at p:
s2(γ
∗S, g)
=
[
c1(γ
∗S, g)
]2 − c2(γ∗S, g)
=
[
tr(
√−1
2π
Θ)
]2 −
[
tr(
√−1
2pi Θ)
]2 − tr[(√−12pi Θ)2]
2
=
−1
8π2
[
(
n∑
i=0
Θii)
2 +
∑
0≤i,j≤n
ΘijΘji
]
=
−1
4π2
[ n∑
i=0
(Θii)
2 +
∑
0≤i<j≤n
(ΘiiΘjj +ΘijΘji)
]
=
1
4π2
[∑
i,α,β
ξαi ∧ ξβi ∧ ξαi ∧ ξβi +
1
2
∑
i<j,α,β
(ξαi ∧ ξβj − ξβi ∧ ξαj ) ∧ (ξαi ∧ ξβj − ξβi ∧ ξαj )
]
=:
1
4π2
(A+B),
which is a nonnegative (2, 2)-form as so are A and B. Now if s2(γ
∗S∗) = 0, then s2(γ∗S) = 0
and so A = B = 0. At the origin we have
ξα0 (0) = ∂h
α(0) = 0, ξαi (0) = ∂f
α
i (0) =:
n∑
j=1
fαij(0)dz
j .
Write Hα =
(
fαij(0)
)
for the Hessian matrices. Our goal is to show that the linear space
W = C{Hn+1, . . . ,HN} spanned by these Hessians at p is at most one dimensional. For any
v ∈ V := Cn, let us write Hαv = ξαv (0) =
∑n
i=1 viξ
α
i (0), which can be viewed as a vector in V
(under the coframe dzj). Note that A = B = 0 means
(7.1) Hαv ∧Hβv = 0, ∀ n+ 1 ≤ α, β ≤ N, ∀ v ∈ V.
Given any u, v ∈ V , if we replace v in (7.1) by u+ tv, where t ∈ C, and look at the t-terms,
we get
(7.2) Hαu ∧Hβv +Hαv ∧Hβu = 0.
To see that W has dimension at most one, first let us assume that there is an α such that the
rank of Hα is at least 2. Thus Hαu ∧Hαv 6= 0 for generic u, v ∈ V . Let U be the open dense
subset of V such that Hαu ∧Hαv 6= 0 for any u, v ∈ U . For each v ∈ U , since Hαv 6= 0, by the
equation (7.1), we know that there exists a unique constant λ(v) such that Hβv = λ(v)Hαv .
Also, for any u, v in U , by (7.2) we get
(7.3) (λ(u) − λ(v))Hαu ∧Hαv = 0,
hence λ(u) = λ(v). This means that λ is a constant function on U , hence we have Hβ = λHα.
That is, any other Hessian is a constant multiple of this Hα.
Now we are left with the case when each Hα, or any of there linear combinations, has rank
at most one. We know that for each i, the i-th rows of these matrices are all parallel, and
all these matrices are symmetric, so each of them is a constant multiple of v tv for some fixed
column vector v in V . So all these Hessian matrices at p form a linear space of dimension at
most one. By definition, this means exactly that the second osculating space T2p(M) at p is
at most (n+ 1)-dimensional. This completes the proof of Theorem 2.2.
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